Despite much e!ort in the past few decades, the numerical prediction of high-frequency vibrations remains a challenging task to the engineering and scienti"c communities due to the numerical instability of existing computational methods. However, such prediction is of crucial importance to certain problems of pressing practical concern, as pointed out by Langley and Bardell (1998 ¹he Aeronautical Journal 102, 287}297). This paper introduces the discrete singular convolution (DSC) algorithm for the prediction and analysis of high-frequency vibration of structures. Both a beam and two-span plates are employed as test examples to demonstrate the capability of the DSC algorithm for high-frequency vibration analysis. A completely independent approach, the Levy method, is employed to provide exact solutions for a cross validation of the proposed method. The reliability of the DSC results is also validated by convergence studies. Remarkably, extremely accurate and stable results are obtained in this work, e.g., the relative DSC errors for the "rst 7100 modes of the beam and the "rst 4500 modes of the two-span plates are all (1%. No numerical instability is encountered in the present study.
INTRODUCTION
The prediction and control of high-frequency vibrations is of crucial importance to aerospace structures such as aircraft, rotocraft, satellite and space shutter, and many defence equipments such as jet "ghter, rocket, missile, etc. Typically, these man-made structures are constantly subjected to various forms of high-frequency excitation which may arise from either mechanical or acoustical sources such as jet noise, propeller noise, rotor noise, and combustion turbulence from an engine. Structural response to external excitation can lead to either on-resonance (i.e., forced vibration) or fast energy dissipation (i.e., heat production). Sometimes, undesired self-excited vibration occurs under a sustainable mechanical load or stress. Excessive vibration and unacceptable noise create great #uctuation of mechanical loads and stress, and lead to fatigue failure of structural components, loosening of threaded connection, friction and wear, and damage of electronic and other delicate components. Therefore, there is clearly a need for the prediction and control of the high-frequency vibration and noise levels at the structural design stage and this in turn requires the availability of analysis methods which are able to predict the structural dynamic response. However, developing accurate and numerically stable methods for the analysis of high-frequency vibration is an extremely challenging task owing to the numerical instability in existing methods [1] .
The most popular method used in structural analysis is the conventional "nite element method (FEM), or the h-version FEM, which is commercially available for structural design. Usually, basis function of low order approximations is used in h-version FEM and the convergence is sought by successive re"nement of the mesh. Unfortunately, such a re"nement is computationally too expensive for capturing high-frequency vibrations. Although the h-version FEM is adequate for low-frequency vibration analysis, it is not well-suited to the vibration analysis of medium-or high-frequency regimes [1] .
The p-version of the FEM is later developed in which the convergence is sought by increasing the degree of polynomials with a "xed mesh. This method permits modal re"nement without having to remesh the computational domain and generally o!ers superior performance in the h-version FEM for the vibration analysis of higher frequencies. Due to the additional requirement of boundary conditions in the analysis, it is more e$cient to construct the so-called hierarchical polynomial basis which has the property that the set of basis functions corresponding to a polynomial approximation of order p constitutes a subset of the set of basis functions corresponding to a polynomial approximation of order p#1 [2, 3] . For example, Zhu [2] proposed the following modi"ed Legendre polynomial:
which is a hierarchical shape function of CQ\ continuity. Bardell [3] built a hierarchical shape function by considering s"2. His "rst four terms are given by
Higher order polynomials are constructed from Zhu's expression (1)
Bardell has demonstrated the success of this shape function for structural analysis. However, as analyzed in details by Beslin and Nicolas [4] , for high-frequency vibrations, Bardell's polynomials are easily subject to numerical instability, caused by the computer round-o! error in handling high-degree polynomials. Rayleigh}Ritz and Ritz methods are akin to the p-version FEM in the selection of basis functions. This type of methods utilize the Ritz variational principle to formulate a solution to the problem of structural analysis. They have been extensively studied recently and have a proven success for a variety of tasks in the analysis of solid mechanics problems [5, 6] . However, like the p-version FEM, the Ritz type of methods su!er from numerical instability in the prediction of high-frequency vibrations.
The Levy method is an interesting approach for vibration analysis. It takes an analytical solution form, i.e., trigonometric sine functions, for a rectangular plate along simply supported two parallel edges and allows an arbitrary combination of edge conditions in the two remaining edges. In principle, the Levy method is capable of providing exact solutions for the prediction of very high-frequency vibration of rectangular plates. However, its practical use is hindered by the geometric requirement.
Due to the di$culty encountered by conventional numerical methods for high-frequency analysis, a few alternative approaches have been proposed, including dynamic sti!ness (continuous element) method [7, 8] , periodic structure approximation [9, 10] , statistical energy analysis [11, 12] and wave intensity analysis [13] . The dynamical sti!ness method has been successfully used for the analysis of one-dimensional structures. But the method essentially treats an idealized structure when applied to a complex two-dimensional structure. Idealized periodicity is assumed in the periodic structure theory, and such periodicity might never exactly occur in real-world structures. Statistical energy analysis does not predict detailed high-frequency modes. Instead, it attempts to provide the spatial frequency distribution of a structure. Such information is valuable for estimating the frequency response of a structure under external noise. As a generalization of the statistical energy analysis, wave intensity analysis does not assume a di!usive vibration wave "eld. In fact, the last three approaches treat the original physical system in a manner which might di!er from the actual mechanical model.
The most promising approach of high-frequency vibration analysis was recently proposed by Beslin and Nicolas [4] . Their method utilizes Fourier type trigonometric function set +(x), of the form P (x)"sin(a P x#b P ) sin(c P x#d P ), r"1, 2, 2
as basis functions to achieve element p enrichment. Here, the coe$cients a P , b P , c P and d P are chosen appropriately [4] to satisfy the boundary conditions of a plate. A variety of results were presented to demonstrate the numerical capability of the method in predicting the #exural natural frequencies. They found that this method gave good convergence at medium-frequency range but poor convergence at low frequencies. Remarkably, such a hierarchical FEM works much better than the hierarchical FEM of Bardell [3] for high-frequency analysis and was devised to predict the 850th mode for an all-edge simply supported rectangular plate and the 820th mode for an all-edge free plate with errors being (2%. These, in fact, are the best available result in the literature and give a clear indication of the potential of their method to penetrate the medium-frequency regime. However, as illustrated by Beslin and Nicolas [4] , a signi"cant numerical error occurs on sets beyond the 850th mode in a 1024 basis function simulation due to numerical instability.
In summary, despite much e!ort in the past few decades, the numerical prediction of high-frequency vibrations remains a challenging task to the engineering and scienti"c communities. It is pertinent to quote Professors Langley and Bardell [1] from their recent review paper: && 2 the prediction of medium to high frequency vibration levels is a particularly di$cult task. 2 there is no single technique which can be applied with con"dence to all types of aerospace structures. Furthermore, there are certain problems of pressing practical concern for which it is not possible at present to make a reliable design prediction of high frequency vibration levels*the prediction of on-orbit micro-vibration levels in satellite structures is arguably a problem of this type.''
The purpose of this paper is to introduce a novel computational method, the discrete singular convolution (DSC) [14}16] , for the prediction and control of high-frequency vibrations of beams and two-span plates. Singular integrations often occur in science and engineering and their most common forms include singular kernels of Hilbert, Abel and delta types. The DSC is a new, successful approach for numerical implementation of singular integrations. The mathematical foundation of the DSC algorithm is the theory of distributions [17] and the theory of wavelets. In the DSC algorithm, numerical solutions of di!erential equations are formulated via the singular kernels of delta type. Speci"cally, both bandlimited reproducing kernels and approximate reproducing kernels are constructed as the sequences of approximations to the universal reproducing kernel, the delta distribution. By appropriately selecting parameters in a DSC kernel, the DSC approach exhibits controllable accuracy for integration and shows excellent #exibility in handling complex geometries and boundary conditions. It was demonstrated [15] that di!erent implementations of the DSC algorithm, such as global, local, Galerkin, collocation, and "nite di!erence, can be deduced from a single starting point. Thus, the DSC algorithm provides a uni"ed representation to these numerical methods. The DSC has been successfully applied to the numerical solution of the Fokker}Planck [14, 15] and the SchroK dinger equations [18] . It achieves machine precision in solving the Taylor problem, the Navier}Stokes equation [19] with incompressible constraint and periodic boundary conditions. It is also used to facilitate a novel synchronization scheme for shock capturing [20] . Recently, the DSC algorithm was used to integrate the Cahn}Hilliard equation in a circular domain [21] and the sine-Gordon equation with the initial values close to a homoclinic manifold singularity [22] , for which conventional local methods encounter great di$culties and result in numerically induced chaos [23] . The work that is most relevant to the present study is the use of DSC for plate [24, 25] and beam [26] analyses. The DSC algorithm was utilized to estimate the "rst 100 modes of a simply supported square plate with at least 11 signi"cant "gures [24, 25] . Most recently, we illustrated that the DSC provides excellent results of plates with mixed boundary condition [27] and internal supports [28] . A preliminary investigation indicates that the DSC algorithm works very well for the high-frequency analysis of plates with simply supported and clamped edges [29] . In this paper, we demonstrate that the DSC algorithm is capable of giving extremely accurate prediction of thousands of vibration modes for both beam and two-span plates without encountering any di$culty of numerical instability. Plates with internal support is used as an example to illustrate DSC ability for vibration control. A completely independent approach, the Levy method, is employed for a cross validation of the DSC results.
The organization of the paper is as follows. Theory and algorithm for beam and plate analyses are given in section 2. For the sake of integrity, we brie#y review the computational philosophy of the DSC algorithm and the Levy approach. The prediction of high-frequency vibrations of beam and plates is presented in section 3. The ability of vibration control is exempli"ed by plates with internal line supports. The validity and accuracy of the DSC method for higher frequency vibration analysis are veri"ed by convergence studies, error analyses and by comparison with the Levy solutions. Case studies are performed on various combinations of di!erent boundary and internal support conditions. Extensive frequency parameters are tabulated for two-span plates of six distinct edge support conditions obtained as a combination of simply supported and clamped edges. A conclusion is given in section 4.
THEORY AND ALGORITHM
The problem of beam and plate vibrations is described below. For integrity and convenience, both the DSC and Levy methods are brie#y reviewed in this section. However, the reader is referred to the original work for more detailed information [5, 14}16] . The analytical model for a simply supported beam, the DSC algorithm and the Levy method for plate analysis are presented in this section.
VIBRATION OF BEAM AND PLATE

¹he beam problem
The natural vibration of a beam of uniform #exural rigidity, subjected to either tensile or compressive axial forces whose magnitude is below the value of the so-called Euler elastic buckling critic, can be formulated as an eigenvalue problem [30] dB(x) dx
with simply supported boundary condition
where a is the length of the beam, a positive S represents the magnitude of a compressive force and a negative S represents the magnitude of a tensile force, m and A are the mass density of the material and the cross-sectional area of the beam respectively. This problem is also analytically soluble and its exact solutions have the form
where b L is an arbitrary constant and B L (x) satis"es all of the boundary conditions in equation (6) . A set of eigenvalues are given by
To ensure the statement of an eigenvalue problem, the compressive force is required to be bounded from above. For free vibration problem (S"0), the above formulation still stands.
¹he plate problem
Although we limit our attention to the vibration of rectangular (classic) Kirchho! plates with simply supported and clamped edges, the method can be used for many other applications in solid mechanics. Let us consider a rectangular plate of length a, width b, thickness h, mass density , modulus of elasticity E, and the Poisson ratio . The origin of the Cartesian co-ordinates (x, y) is set at the lower left corner of the plate. The governing di!erential equation for the plate is given by [31] 
where w(x, y) is the transverse displacement of the midsurface of the plate, D"Eh/[12 (1! )] the #exural rigidity, and the circular frequency. We consider one of the following two types of support conditions for each plate edge: For simply supported edge (S):
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For clamped edge (C):
where n and s denote the normal and tangential co-ordinates with respect to the rectangular plate edge respectively. It is noted that the objective of this paper is to explore the utility of the DSC algorithm in dealing with high-frequency vibrations. To this end, two simple physical models, i.e., beams and thin plates, are chosen so that additional complexity from more complicated models is avoided. Nevertheless, from the physical point of view, the plate and beam theories used in this study may not be strictly valid in predicting the very high-frequency vibration of real plates and beams. For example, if a plate vibrates in very high-frequency, the wavelength of a vibration mode may be comparable or even smaller than the thickness dimension of the plate. In such a case, rotary inertia and shear deformation may have signi"cant in#uence on the vibration behavior of the plate. Either the "rst order plate theory (the Mindlin plate theory [32] ), the higher order plate theory (the Reddy plate theory [33] ) or the three-dimensional (3-D) theory for solid structures can be employed for achieving a better approximation. It is de"nite that the DSC algorithm introduced in the present work can be easily adopted for solving the problem of high-frequency analysis in association with other structural theories.R
DISCRETE SINGULAR CONVOLUTION
Singular convolutions (SC) are a special class of mathematical transformations, which appear in many science and engineering problems, such as Hilbert, Abel and Radon transforms. It is most convenient to discuss the singular convolution in the context of the theory of distributions. The latter has a signi"cant impact in mathematical analysis. Not only it provides a rigorous justi"cation for a number of informal manipulations in physical and engineering sciences, but also it opens a new area of mathematics, which in turn gives impetus to many other mathematical disciplines such as operator calculus, di!erential equations, functional analysis, harmonic analysis, and transformation theory. In fact, the theory of wavelets and frames, a new mathematical branch developed in recent years, can also "nd its root in the theory of distributions.
Let ¹ be a distribution and (t) be an element of the space of test functions. A singular convolution is de"ned as
Here, ¹(t!x) is a singular kernel. Depending on the form of the kernel ¹, the singular convolution is the central issue for a wide range of science and engineering problems. For example, the singular kernels of Hilbert type have a general form of
Here, kernel ¹(x)"1/x commonly occurs in electrodynamics, theory of linear response, signal processing, theory of analytic functions, and the Hilbert transform. When n"2, ¹(x)"1/x is the kernel used in tomography. Another interesting example is the singular kernels of the Abel type
These kernels can be recognized as the special cases of the singular integral equations of the Volterra type of the "rst kind. The singular kernels of Abel type have applications in the area of holography and interferometry with phase objects (of practical importance in aerodynamics, heat and mass transfer, and plasma diagnostics). They are intimately connected with the Radon transform, for example, in determining the refractive index from the knowledge of a holographic interferogram. The other important example is the singular kernels of delta type
Here, kernel ¹(x)" (x) is of particular importance for the interpolation of surfaces and curves (including atomic, molecular and biological potential energy surfaces, engineering surfaces and a variety of image-processing and pattern-recognition problems involving low-pass "lters). Higher order kernels, ¹(x)" L (x), (n"1, 2, 2 ) are essential for numerically solving partial di!erential equations and for image processing, noise estimation, etc. However, since these kernels are singular, they cannot be directly digitized in computers. Hence, the singular convolution, equation (12), is of little numerical merit. To avoid the di$culty of using singular expressions directly in computer, we construct sequences of approximations +¹ ? , to the distribution ¹ lim ??
where is a generalized limit. Obviously, in the case of ¹(x)" (x), each element in the sequence, ¹ ? (x), is a delta sequence kernel. Note that one retains the delta distribution at the limit of a delta sequence kernel. Computationally, the Fourier transform of the delta distribution is unity. Hence, it is a universal reproducing kernel for numerical computations and an all-pass ,lter for image and signal processing. Therefore, the delta distribution can be used as a starting point for the construction of either band-limited reproducing kernels or approximate reproducing kernels. However, exact reproducing kernels have bad localization in the time (spatial) domain, whereas approximate reproducing kernels can be localized in both time and frequency representations. Furthermore, with a su$ciently smooth approximation, it is useful to consider a discrete singular convolution (DSC)
where F ? (t) is an approximation to F(t) and +x I , is an appropriate set of discrete points on which the DSC, equation (17) , is well de"ned. Note that, the original test function (x) has been replaced by f (x). The mathematical property or requirement of f (x) is determined by the approximate kernel ¹ ? . In general, the convolution is required being Lebesgue integrable.
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The delta distribution or the so-called Dirac delta function ( ) is a generalized function which is integrable inside a particular interval but in itself need not have a value. It is given as a continuous linear functional on the space of test functions, D(!R, R),
A delta sequence kernel, + ? (x),, is a sequence of kernel functions on (!R, R) which is integrable over every compact domain and their inner product with every test function converges to the delta distribution lim ??
where the (real or complex) parameter approaches , which can either be R or a limit value, depending on the situation (such a convention for is used throughout this paper). If represents a limit value, the corresponding delta sequence kernel is a fundamental family. Depending on the explicit form of ?
, the condition on can be relaxed. For example, if ? is given as
then equation (19) makes sense for every in C(!R, R).
There are many delta sequence kernels arising in the theory of partial di!erential equations (PDE), Fourier transforms and signal analysis, with completely di!erent mathematical properties. The delta sequence kernels of the Dirichlet type have very distinct mathematical properties and have been used in the present work. Let + ?
, be a sequence of functions on ( !R, R) which are integrable over every bounded interval. We call + ? , a delta sequence kernel of Dirichlet type if
There are positive constants C and C such that
for all x and .
Shannon's delta sequence kernel (or Dirichlet's continuous delta sequence kernel) is one of the most important examples of the delta sequence kernel of Dirichlet type and is given by the following (inverse) Fourier transform of the characteristic function, \?L?L ,
Alternatively, Shannon's delta sequence kernel can be given as an integration
cos(xy) dy, (22) or as the limit of a continuous product
Numerically, Shannon's delta sequence kernel is one of the most important cases, because of its property of being an element of the Paley}Wiener reproducing kernel Hilbert space B
where ∀f3B indicates that, in its Fourier representation, the¸ function f vanishes outside the interval [! , ]. The Paley}Wiener reproducing kernel Hilbert space B is a subspace of the Hilbert space¸(R).
Shannon's delta sequence kernel is also known as a wavelet scaling function (x)" L (x) [34, 35] . Shannon's mother wavelet can be constructed from the scaling function as
with its Fourier expression
This is recognized as the ideal band pass "lter and it satis"es the orthonormality conditions
and
Technically, it can be shown that a system of orthogonal wavelets are generated from a single function, the &&mother'' wavelet , by standard operations of translation and dilation
Shannon's delta sequence kernel can be derived from the generalized Lagrange interpolation formula
where G(x) is an entire function given by
and G denotes the derivative of G. For a function band-limited to B, the generalized Lagrange interpolation formula S I (x) of equation (30) can provide an exact result
whenever the set of non-uniform sampling points satisfy
where the symbol Z denotes the set of all integers. This is called the Paley and Wiener sampling theorem in the literature.
are limited to a set of points on a uniform in"nite grid (
Since G(x I ) reduces to
on a uniform grid, equation (30) gives rise to
In fact, the generalized Lagrange interpolation formula directly gives rise to the delta distribution under an appropriate limit
where max x is the largest x on the grid. Both (x) and its associated wavelet play a crucial role in information theory and the theory of signal processing. However, their usefulness is limited by the fact that (x) and (x) are in"nite impulse response (IIR) "lters and their Fourier transforms K ( ) and K ( ) are not di!erentiable. From the computational point of view, (x) and (x) do not have "nite moments in the co-ordinate space; in other words, they are delocalized.
According to the theory of distributions, the smoothness, regularity and localization of a temper distribution can be improved by a function of the Schwartz class. We apply this principle to regularize singular convolution kernels
where R N is a regularizer which has properties
Here, equation (43) is a general condition that a regularizer must satisfy, while equation (44) is speci"cally for a delta regularizer, which is used in regularizing a delta kernel. Various delta regularizers can be used for numerical computations. A good example is the Gaussian
The Gaussian regularizer is a Schwartz class function and has excellent numerical performance. However, we noted that in certain eigenvalue problems, no regularization is required if the potential is smooth and bounded from below (e.g., the harmonic oscillator potential x). For generality and simplicity, the following dimensionless parameters are introduced:
Accordingly, we obtain the dimensionless governing equation for the vibration analysis of a rectangular plate as
Consider a uniform grid having
To formulate the eigenvalue problem, we introduce a column vector W as
, with their elements given by
where
is a DSC kernel of delta type [14] . Here, is the grid spacing and determines the e!ective computational bandwidth. Many DSC kernels were constructed in the original work. Here, we choose a simple example, the regularized Shannon's delta kernel
, to illustrate the algorithm and its application. Other DSC kernels, such as the regularized Dirichlet kernel and regularized Lagrange kernel, can also be used. The performance of a few DSC kernels for #uid dynamic computations and structural analysis was compared in reference [24] . As mentioned already, the di!erentiation in equation (51) can be analytically carried out
where, for a uniform grid spacing, m"(q G !q H )/ . Here, the matrix is banded to i!j"m"!M, 2 , 0, 2 , M. Therefore, the system of linear algebraic equations for the governing PDE (47) is given by
where I O is the (N O #1) unit matrix and denotes the tensorial product. Eigenvalues can be evaluated from equation (53) by using a standard solver. However, appropriate boundary conditions are to be implemented before calculating eigenvalues. This is described below.
We "rst note that boundary condition ="0 is easily speci"ed at the edge. To implement other boundary conditions, we assume, for a function f, the following relation between the inner and outer nodes on the left boundary
where coe$cients aH K (m"1, 2 , M, j"0, 1, 2 J) are to be determined by the boundary conditions. For the three types of boundary conditions described earlier, we only need to consider the zeroth order term in the power of XH. Therefore, we set a K ,a K and, after rearrangement, obtain
According to equation (52), the "rst and second derivatives of f on the boundary are approximated by
respectively. For simply supported edges, the boundary conditions reduce to
These are satis"ed by choosing a
This is the so-called antisymmetric extension [14] .
For clamped edges, the boundary conditions require
These are satis"ed by a K "1, m"1, 2, 2 , M. This is the symmetric extension [14] . Expressions for the right, top and bottom boundaries can be derived in a similar way. In view of possible presence of irregular internal support condition, matrices
, I 6 and I 7 become three-dimensional ones in this work and are denoted by
) and matrix elements of I 6 are denoted by
and I 7 are similarly de"ned by appropriately switching the roles of the subscripts.
Let us de"ne a contractive tensor product of two three-dimensional matrices A and B as the tensor product on the "rst two indices of A and B, and contraction between the "rst and third indices of the two matrices
where a GHI and b IJG are matrix elements of A and B respectively. In such a notation, equation (53) is modi"ed as
where the lexicographic ordering given in equation (60) is used for reducing four-dimensional matrices into two-dimensional forms. Matrix elements in equation (61) ANALYSIS OF HIGH-FREQUENCY VIBRATIONS are ready for being used in a linear equation solver
An internal line support in a plate is modelled as a series of point supports along the line support. Assume that the set of internal support points are given by
are speci"ed pointwisely in the matrix construction.
THE LEVY METHOD
An analytical approach based on the Levy method was developed by the authors to obtain the exact solutions for the vibration of rectangular plates with internal line supports [36] . The solution procedure is brie#y summarized herein.
We consider that a rectangular plate consists of n spans that are divided at the locations of the (n!1) internal line supports (see Figure 3 ). These internal line supports impose zero de#ection constraint along the line supports in the plate. The governing di!erential equation for free vibration of the ith span is given by
in which the subscript i ("1, 2, 2 , n) refers to the ith span in the plate and w G (x, y) is the transverse displacement.
Along the interface between the ith and (i#1)th spans, the following essential and natural boundary conditions must hold to ensure the continuity of the plate and the satisfaction of the internal line support condition [36] :
w G> "0,
Assume that the plate is simply supported on the two edges parallel to the x-axis. For such a rectangular plate, we may use the Levy method for solution. The displacement function for the ith span can be expressed as
where m is the number of half-waves of the vibration mode in the y direction. Equation (67) satis"es the boundary conditions for the two simply supported edges parallel to the x-axis.
In view of equations (67) and (62), a homogeneous di!erential equation system for the ith span can be derived as follows:
in which
and the prime denotes di!erentiation with respect to x; G is the "rst derivative of G ; and H G is a 4;4 matrix with identical elements for each span. The non-zero elements of H G are given by
The procedure for solving equation (68) has been detailed by Xiang et al. [5] . The solution for equation (68) can be expressed as
in which e H G x is a general matrix solution for equation (68); c G is a 4;1 constant column matrix that will be determined by the plate boundary conditions and/or span interface conditions.
In view of equation (73), a homogeneous system of equations can be derived by implementing the boundary conditions of the plate along the two edges parallel to the y-axis and the interface conditions between two spans, equations (63)}(66), when assembling the spans to the whole plate
where K is a 4n;4n matrix. The vibration frequency is evaluated by setting the determinant of K to zero.
RESULTS AND DISCUSSION
The application of the DSC algorithm to the analysis of high-frequency vibrations is demonstrated in this section. Extensive numerical studies are carried out for the vibration analysis of beam and two-span plates. The detailed studies of these two problems are presented in the following two subsections.
NUMERICAL STUDY OF THE BEAM
The beam problem described by equations (5) and (6) is considered in this subsection. For such a beam, one of the present authors (GWW) studied [26] the DSC performance for the "rst 10 eigenvalues. The purpose of the present study is to examine the DSC behavior for higher order modes. For simplicity, we exclude force term S"0 and choose a computational domain of [0, 100 ]. Thus, exact eigenvalues (8) are given by n 100 .
The reliability and accuracy of the DSC algorithm for this problem are tested by convergence study and error analysis respectively. 
Convergence study
The speed of the convergence of a numerical method is an important character for a given problem. To examine the convergence of the DSC algorithm for the beam analysis, only the 500th mode and higher order modes are considered in the present study, as lower order modes were studied in reference [26] . We use a set of uniform grids of 1001, 2001, 3001,2, 10 001 points to test the speed of the convergence of the DSC algorithm. The DSC results are listed in Table 1 . When the DSC grid is 1001, the "rst 500 modes are "rmly converged. Such a result is consistent with the previous study [26] , where 15 signi"cant-"gure accuracy was achieved for the "rst 10 eigenvalues by using both the regularized Shannon kernel and the regularized Dirichlet kernel with a grid of 32 points. At the grid of 2001, the "rst 1000 modes have converged to "ve signi"cant "gures. Similarly, the "rst 2000 modes have converged to "ve signi"cant "gures at the grid of 4001. This pattern can be tracked to the 4000th mode, i.e., its accuracy of "ve signi"cant "gures is reached at the grid of 8001 points. We also "nd that the same accuracy is achieved for the "rst 5000 modes at the grid of 10 001 points. It is reasonable to extrapolate that this excellent accuracy will be attained for the 10 000th mode at the grid of 20 001 points. It is also found that when the number of grid points is 10 001, the 6000th mode has already converged to 1)5 in 3600 parts. Obviously, the DSC results are remarkable and the best ever attained for this problem.
Error analysis
Error analysis is performed to further validate the DSC algorithm for high-frequency vibration analysis. The DSC calculation is conducted for N"10 001 grid points. Both the analytical and the DSC results are plotted in Figure 1 for the "rst 10 000 eigenmodes. We also present in Figure 1 the relative errors for each eigenmode. The relative errors E PC are assessed as where f CV?AR and f LSK are exact and numerical eigenvalues respectively. When using 10 001 DSC grid points, it is found that the relative error for mode 1000 is 8E(!11)%. The smallest error is (1E(!16)% which occurs at mode 1585. The relative error at mode 1700 is 1)8E(!11)%. After mode 1700, the relative errors increase essentially monotonically to 1)4E(!10), 5)0E(!8), 1)0E(!5), 1)0E(!3), 4)1E(!2) and 6)9E(!1)% at modes 2000, 3000, 4000, 5000, 6000 and 7000, respectively. In fact, all relative errors are below 1 and 2% for the "rst 7161 modes and 7500 modes respectively. We found that the largest error is (9)3% and it occurs around mode 9000. It is interesting to note that the relative errors decrease gradually after mode 9000 and reduce to (2E(!2)% for the mode 9999. Numerically, it takes at least three grid points to support a single half-wave and at least "ve grid points to support two half-waves. However, when the number of grid points is very large, the Nyquist limit gives a ratio of one grid point per half-wave. In practical computations, such a limit can never been achieved. If the error is controlled within 1%, the present DSC algorithm achieves the ratio of 1)4 grid points per half-wave. Such a high ratio has not been reported in the vibration literature to our knowledge.
Since the eigenvalues given by equation (75) are densely distributed, it is possible that the relative errors of the numerical results are not too large, while the corresponding eigenfunctions are mismatched. To "nd out where such mismatches "rst occur, we have examined detailed mode shapes. It is found that no mismatch occurs for the "rst 7250 modes. The eigenfunction of mode 7250 is depicted in Figure 2 . The number of half-waves is the same as the mode number and there is no distortion in the mode shape. 
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NUMERICAL RESULTS FOR TWO-SPAN PLATES
The DSC algorithm is applied to the high-frequency vibration analysis of plates with internal line supports in this subsection. Figure 3 depicts square plates with six distinct boundary conditions and corresponding internal support positions. The boundary conditions are obtained by a combination of simply supported and clamped edges. The Poisson ratio is taken as 0)3 when needed. The DSC algorithm is used to compute the eigenvalues for all the six cases. All the frequency parameters are reported as / with the being de"ned in equation (46). The Levy solution, which can be arbitrarily accurate, is also employed to provide a cross validation of the DSC algorithm. The Levy approach is readily available for Cases 1}3, to give exact solutions as long as the internal line supports are normal to the two simply supported parallel edges. In fact, Case 1 without internal support (i.e., a four-edge simply supported square plate) is analytically solvable and its non-trivial frequency parameters are explicitly given by
where n V and n W are the number of halfwaves of the solution in the x and y directions respectively. To test the reliability of the present Levy code, the complete set of the "rst 7755 modes for a four-edge simply supported square plate has been computed against the analytical solution. It is found that our Levy results are indeed reliable and arbitrarily accurate.
Convergence studies
Having built up our con"dence with the DSC approach for the high-frequency vibration analysis of the beam, it is necessary to further test the reliability level of the DSC Figure 4 . Convergence study of frequency parameters for plates with internal line supports (Modes 1, 10, 50, 100, 300, 500, 700, 1000, 1500, 2000, 2500, 3000, 3500, 4000, 4500, 5000).
high-frequency prediction for plates. To verify the validity and accuracy of the proposed DSC approach, convergence and comparison studies are carried out for all the six cases. In particular, more detailed results are given for Cases 2 and 5. Here, Case 2 admits the Levy exact solution, and thus provides another objective test for the proposed DSC approach. It is also important to examine the behavior of the DSC algorithm for a class of real vibration ANALYSIS OF HIGH-FREQUENCY VIBRATIONS We conduct the convergence studies for all the six cases with a number of DSC grids, ranging from 11 points to 101 points. The speed of convergence for the "rst 5000 modes has been checked. These results are presented in Tables 2 and 3 for Cases 2 and 5 respectively. Obviously, these DSC results converge to the Levy exact solution for Case 2. It is seen from Table 2 that the "rst 100 modes have converged at the grid of 31 points. The degree of convergence in these modes is not as "rm as that in the beam for the same level of computations, because the inherent complexity in the plate problem. Nevertheless, we note that the "rst 500 modes converge to much less than 0)1% relative errors at the grid of 51 points and the "rst 1000 modes with relative errors (0)3% at the grid of 61 points. At the DSC grid of 81 points, the relative errors of the "rst 2000 modes are (0)2%. In fact, at the "nal grid of 101 points, the relative errors of "rst 2500 modes and 3000 modes are less than 0)07 and 0)1% respectively. Remarkably, the relative errors for the "rst 4000, 4500, and 5000 modes are less than 0)4, 1 and 2%, respectively, on this grid. It is noted that the maximum relative error is (6% for all modes to the left of mode 7755. Such a result indicates that the solution of the DSC algorithm is very reliable for the "rst 40% modes computed and is quite reliable for the modes "lling between the "rst 40}50% (within 2% errors). The DSC results become less reliable, but are still useful for the modes "lling between the "rst 50}75%. Although the last 25% modes are unreliable for being used quantitatively, however, the tendency of the DSC results for that section is still reasonable.
The detailed convergence study for Case 5 is listed in Table 3 . The convergence pattern of Case 5 is almost identical to that of Case 2. This can be easily con"rmed by a comparison of the speed of convergence in Tables 2 and 3 . Such a great similarity between the results of Cases 2 and 5 indicates that the convergence of the DSC algorithm is not sensitive to di!erent boundary and support conditions.
A comprehensive comparison of the convergence pattern for all the six cases is plotted in Figure 4 . A large set of modes, i.e., modes 1, 10, 50, 100, 300, 500, 700, 1000, 1500, 2000, 2500, 3000, 3500, 4000, 4500, and 5000, are examined. Appropriate numbers of grid points used for this comparison are 11, 21, 2 , 101. The "rst mode of each case is essentially converged at the grid of 11 points. Similarly, the "rst 50 modes of each case are "rmly converged at the grid of 21 points. The "rst 500 modes show a good convergence at the grid of 41 points. Very "rm convergence is also observed for the "rst 2000 modes of all the ANALYSIS OF HIGH-FREQUENCY VIBRATIONS six cases. In general, higher order modes converge slowly at a given set of grid points because they require a larger number of grid points to reach the convergence. Obviously, the mode 5000 of each case has not converged. Typical relative errors for such mode at the grid of 101 points are about 2% in the present computation. It is important to see from Figure 4 that all cases have a very similar trend of convergence. Such a similarity con"rms again that the DSC algorithm is insensitive to boundary and support conditions.
Benchmark solutions for a wide range of frequency parameters for SCCS, CCCS, CCCC, SSSS, SSCS and CSCS plates with internal line support (m is the number of half-waves in the y direction and n is the number of half-waves in the x direction)
Comparison studies
A common feature in Cases 1}3 is that they have two parallel edges that are simply supported. These cases can be treated by using the Levy method. The latter has been used to compute the exact eigenvalues of the "rst 10 000 modes for each of the three cases. These eigenvalues are used to provide a detailed assessment of the DSC algorithm for two-span plates. For a comparison, both the DSC solutions and the Levy ones are plotted in Figures 5, 6 and 7 for Cases 1, 2 and 3 respectively. The relative errors of the DSC algorithm are also included in these "gures. These "gures con"rm the consistence of the DSC algorithm for all the three solvable cases as both the magnitude and trend of the error are essentially identical to each other. In general, the relative errors are extremely small for the "rst 3000 modes. The "rst 4000 modes are still reliable for most engineering purpose. In all cases, the errors increase to near 2% when the mode number reaches 5000. Since the "rst 4500 DSC modes computed by using the grid of 101 points have (1% relative errors, it is recommended that the DSC prediction associated with appropriate plate theories can be used to analyze high-frequency vibration of two-span plates and the results can be used in most engineering designs.
Obviously, the present results are the best ever obtained for these cases. It is noted that in case a better precision is required, it is very robust to ful"ll such a requirement by increasing the number of the DSC grid points.
Case studies
The convergence studies and error analyses have con"rmed the validity and accuracy of the DSC algorithm for the high-frequency analysis of two-span plates. In particular, we have shown that DSC algorithm is insensitive to boundary and support conditions. Therefore, the DSC results are valuable for more general plate analysis where the analytical or exact solution is unavailable. In the rest of this subsection, we report more detailed frequency parameters which are unavailable in any existing literature, due to the lack of stable and reliable numerical methods.
As the Levy solutions for high-frequency vibration of Cases 1}3 have not been reported previously, they are very valuable for objectively calibrating new numerical methods which are potentially useful for high-frequency analysis. To this end, we have listed in Table 4 a selected set of these Levy solutions. The detailed node information for the Levy solution is also given in Table 4 .
The DSC results for Cases 4}6 are of benchmark quality for their "rst 5000 modes. Obviously, these DSC results are valuable for the numerical test of other potential methods. Therefore, selected DSC frequency parameters are reported in Table 4 for all the six cases up to mode 5000. 4 . CONCLUSION This paper introduces a novel computational algorithm for the analysis and prediction of high-frequency vibrations. The lack of reliable numerical methods for such analysis and prediction has been a long standing problem due to numerical round-o! in conventional numerical methods. In practical engineering analysis and design, there are pressing demands for reliable theoretical prediction of high-frequency vibrations [1] . We demonstrate that the discrete singular convolution (DSC) algorithm [14}16] is an extremely promising approach for solving these classes of problems. The theoretical foundation of the DSC algorithm is the mathematical theory of distribution and wavelet analysis. The computational philosophy of the DSC algorithm is brie#y discussed in the context of the present application. Both beams and two-span plates are treated in this work. The Levy method is employed to provide a cross validation of the present prediction.
To test the numerical stability of the DSC algorithm, a beam which is free of axial forces is employed in this study. The availability of an analytical solution for this problem provides an ideal benchmark for the proposed DSC approach. Convergence studies are carried out with a number of grid points ranging from 1001 to 10 001. At the "nal grid (N"10 001), extremely accurate results, which are up to 12 signi"cant "gures, are obtained for the "rst 2000 modes. This level of accuracy has not been previously reported to our knowledge. All the relative errors for the "rst 7161 modes are (1%. Such an accuracy is believed to be reliable for the purpose of most engineering designs as the modal shapes are also found to be correct at this level of accuracy. Remarkably, the DSC algorithm has not encountered any numerical instability in all of our computations. Therefore, in case a higher level precision is desirable for a practical application, one can easily enlarge the number of grid points to achieve a better prediction.
Rectangular plates with internal supports are considered to further validate the proposed DSC algorithm for the prediction of high-frequency vibrations. The internal supports are implemented to demonstrate the possibility of frequency parameter optimization and control. Six cases of plates which consist of simply supported edges and clamped edges, and their combinations, are studied in the present work. Convergence studies are carried out for all the six plates, while, more details are given to an SSCS plate and a CCSC plate. Numerical results are carefully validated by the Levy solutions for two-span SSSS, SSCS, and CSCS plates. It is found that the DSC results are remarkably accurate for these three plates. With the grid of 101 points, the relative errors for the "rst 2000 modes are all smaller than 0)04% for all the three cases. Moreover, the "rst 4500 modes and the "rst 5000 modes (i.e., half of the modes computed by the DSC algorithm when the grid is 101) have less than 1 and 2% relative errors respectively. Such results are reliable for most practical purposes. It is also found that the DSC results of the "rst 70% modes are all subject to (6% relative errors, which might not be very reliable, but can be still useful for predicting the trend of high-frequency vibrations. Extensive convergence studies indicate that the DSC algorithm is insensitive to the changes in boundary conditions and internal support conditions, e.g., SCCS, CCCS and CCCC plates, which do not admit the Levy solution, exhibit the same convergence pattern as that of three solvable plates. Therefore, the DSC solutions are of benchmark quality for these unsolvable two-span plates and are recommended for checking potential numerical methods for the analysis of high-frequency vibrations.
